ABSTRACT. In this paper, we consider the connected split rank one Lie group of real type F4 which we denote by F4. We first exhibit F4 as a group of operators on the complexification of A. A. Albert's exceptional simple Jordan algebra. This enables us to explicitly realize the symmetric space F4/Spin(9) as the unit ball in R with boundary S . After decomposing the space of spherical harmonics under the action of Spin (9), we obtain the matrix of a transvection operator of F4/Spin(9) acting on a spherical principal series representation. We are then able to completely determine the Jordan Holder series of any spherical principal series representation of F4.
1. Introduction and notation. This is the second in a proposed series of papers dealing with intertwining operators and the composition series of the principal series. In [7] , we considered the classical split rank one groups. In this paper, we consider the spherical principal series representations of the split rank one version of real type F4 which we will denote in the following by F\.
Our main results for F4 will duplicate our results for the classical split rank one groups. That is, our results on spherical harmonics, irreducibility, existence of complementary series, composition series, and intertwining operators will mimic those of [7] . Furthermore, our techniques in obtaining these results will closely follow [7] . Our chief difference with [7] lies in the algebraic preliminaries we use to study F\.
In this paper, we will first develop F\ by considering A. A. Albert's exceptional simple Jordan algebra over the reals. We will then proceed as in [7] by determining the Poisson kernel, spherical harmonics and the action of the transvection on the M-fixed harmonics. This will allow us to obtain our results on composition series and intertwining operators. We will assume the notation of [7] .
Our results on the irreducibility of the spherical principal series were first obtained by Kostant [9] and later by Helgason [4] . Our results on the existence of the complementary series may be found in Kostant [9] . Jordan algebras.
2. F4 and the exceptional simple Jordan algebra. Let F be the Cayley numbers. Let x -> x be the standard involution of F over R, and let Ixl2 = xx = xx. Let A (3, F) be the set of 3 x 3 Hermitian symmetric matrices with entries in F.
We can convert A(3, F) into a Jordan algebra by defining a multiplication on A(3, F) such that Chevalley and Schäfer [11, p. 112] , that V=V0®Vl ®V2®V3 is the Lie algebra of derivations of A (3, F) . Now V is the Lie algebra of Aut A(3, F) which is a compact group of real type F4 ( see [10] Thus, if we let k = V0 + P, and p0 = V2 + V3 we have that
Pq\ c Po and \Po> Po\ c k. So if we set p = ip0 we see that k + p is the Lie algebra of a noncompact connected group of real type F4. By classification (see Helgason [3, p. 354] ), this group is F4, and so in the future we will denote k + p by A1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
COMPOSITION SERIES AND INTERTWINING OPERATORS. II 271
Although/4 no longer acts on A(3, F), we do obtain a representation of f\ on A(3, F)c = A(3, F) ®R C and a representation on A^ where A = {a E A(3, F)lTr a = 0} which is of course irreducible.
By classification and the Weyl dimension formula, it is easy to see that the connected subgroup of Aut A(3, F) with Lie algebra k is Spin(9) = K.
If we let /0 0 V a2=io 0 0 \l 0 0/ and H = i[Lei-e3, La2] E Q2 we see that a = RH. Let n be the subalgebra of f\ which is spanned by the positive eigenvectors of ad H, and let N be its Lie algebra. We will not compute n explicitly but rather compute the eigenspaces of Observe from Helgason [4, p. 79] , that, since K(2el -(e2 + e3)) = 2et -(e2 + e3), MN(a2 + i(el -e3)) = a2 + i(el -e3) where M is the centralizer of a in K. Now M = {k E K\ka2 = a2 and ke3 -e3}.
The following theorem of E. Artin will be useful in computing exponentials.
Theorem 2.1 (E. Artin, see [11, p. 29] ). Any two elements of F generate an associative involutive algebra. = ko [(cos - §-)'* + (sinT7 \\cT~) + /(e» " ^2 + eŜ ince k EM,we must have sin(lcl/2) = 0, and thus fc(a2 + i(ex -e3)) = *o(±a2 + z(ei ~ e3)) = ±*o(a2) + '(ei ~ e3) -a2 + z'(ei ~ e3)-Therefore, k EM and we are done.
Remark. We know that ^3/ -Sls and £ is connected and simply connected. Thus, from the exact sequence
we conclude that M is connected and simply connected. Since the Lie algebra of M is the same as the Lie algebra of SO (7) we conclude that M = Spin(7).
It is well known that F4/Spin (9) is analytically isomorphic to the open unit ball. We now construct this isomorphism.
If flj + ibv a2 + ib2 E A(3, F)c set
This is a symmetric positive definite bilinear form on A(3, F)c and it is well known that Aut A(3, F) preserves this bilinear form. Let P: A(3, F)c -* A2 + A3 be the orthogonal projection onto A2 + A3 with respect to this bilinear form. Let lia +/ell2 = Hall2 + Hell2. Proof. Observe that T(gk) = T(g) for k in Spin (9) . Since the map g -* igex is analytic and P is linear, the map g -*■ \¡2 P(igex) is analytic. Since g -*■ \\gex II is never 0 it is analytic. Thus T is an analytic map.
Observe that T(kg) = kT(g) for k in Spin (9) . Since the representation of K on A2 + A3 is the spin-representation we have that K acts transitively on the unit sphere. Thus we see that the image of T is a ball.
Let a2 and H be as above and set a+ = {tH\t > 0} and A+ = exp a+.
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Then as usual F4 = KA+K. Observing that iHe1 = a2/2, iHe3 = -a2/2 and iH2el = i((e1 -e3)\2) we obtain
Observe that II T (exp r^ll < Il T (exp r2tf)H if 0 < i, < f2 and that Um,.,«, Il7(exp tH)\\ -1. Therefore, Tis an analytic map of F4 onto the unit ball in A2 + A3. We will now show that T(g¡) = T(g2) only if g~¡lg2 is in K. Suppose TXgi) = T(g2). Now gx = k^fa and#2 -k2a~2k2 where kv k2, kv k\ are in K and av â2 are inA+. Since 1171(^)11 = Il7fe2)llwe must have Jj = ä2. Hence a^'A^^i) = TXfl{) and thus ArJ1^ are in M by Lemma 2.1, and therefore g~¡lg2 G AIt remains only to show that the map T has maximal rank everywhere. For X G V2 + V3 we obtain a vector field X on F4/Spin (9) Thus T* has maximal rank everywhere and this completes the proof of Theorem 2.2.
Observe that / exp tHex r. uo = lun Ti-Í7-m = ^va2 + '(ci ~ e3))-
It is now clear how to define an action of F4 on Sls.
Let f: F\^SXS be the map defined by T(g) = \/2 P(ig(v0)l\\gv0II. Since F} = Ä>UV and M is the subgroup of K such that f(ifc) = f(l) and F047V) = f(l) we have that AÍ4W is the subgroup of F\ such that f(MAN) = f(l). Since T(K) = KIM = 51S, T(F\) = F\¡MAN = Sls.
We have thus realized F\lK as the open unit ball in R16 with F\\MAN as its boundary.
It is an easy exercise to show that T(¿) = P(ig(v0)/\\P(ig(v0))\\. Remark. In § §3 and 4, we shall have occasion to use the following inner product, also. If a¡ + ibv a2 + ib2 E A(3, F)c set (at + ibv a2 + ib2) = Tr(at • a2 + bx • b2) + /Tr(ôj • a2 -axb2).
3. Decomposition of the spherical harmonics. As in [7] , we find it necessary to decompose the spherical harmonics into their Spin(9) irreducible subspaces. Since Spin(9) preserves a positive definite bilinear form we have Spin (9) C SO(16). Hence Hm, the spherical harmonics of degree m, are invariant under the action of K.
We have seen that the subgroup of Spin (9) which leaves a point of S1 s fixed is Spin (7). When we restrict the spin-representation of Spin (9) to Spin(7) we have R16 = V0 © Vl © V2 where Spin(7) acts trivially on V0, Spin(7) acts as SO (7) on Vl, and the representation of Spin (7) on V2 is the spin-representation.
If we consider 5*, the unit sphere in V1, and S\, the unit sphere in V2, we obtain an action of Spin (7) on Sj x Sn2 which we now show is doubly transitive. That is, given (pv p2) and (qv q2) on S\ x S\ there is an A in Spin (7) such that A(pv p2) = (qv q2). Since Spin (7) is transitive on S\, we may assume px = qt-The subgroup of Spin(7) which leaves p fixed is clearly Spin (6) (SU(4) ). When the spin-representation of Spin (7) is restricted to Spin(6) we obtain the irreducible representation of SU(4) on C4 = R8. As SU(4) is transitive on S7 we obtain our result. (This result is contained in Kostant [9] .) Suppose now that / is a function on R16 which is invariant under the action of Spin(7). If we write /(jc, y,z) with jc G V0, y G Vx, z G V2, we see that / depends only onx, lljMI, and Hz II. Furthermore, if we setr2 = jc2 + \\y II2 + Ilzïl2, r cos ij = \Jx2 + \\y\\2 with 0 < | < it 12, and r cos % cos <p = jc with 0 < <p < it, we see that / depends only on r, £, and 0.
We know already that E, the Euler operator of R16, and A, the Laplacian of R16 commute with the action of Spin (9) . We wish to construct another operator which commutes with Spin(9) and A. To do so we need the following: Lemma 3.1. Let Ul,. .. , Ud be a basis for the skew symmetric n x n real matrices such that -Tr U¡Uj = gtj (d = n(n -l)/2). Let A G 0(n) ande a vector of R". Then (1) 2,.,. gi'ViUi = -(« -iy/2 where fe") = (g^T1.
(2) Ifgij = S,f then 2 2, <AU¡e, e)2 = (e, e)2 -(Ae, e)2. If ü is another vector in R" such that Hull = r we have that v = Be for some B in 0(h). Thus, ÏRAUfie, Be)2 = 2j\(BtAB)(BtUiB)e, e)2 = (e, e)2 -(B'ABe, e)2 = (e, e)2 -{ABe, Be)2 = <v, v)2 -<Av, v)2.
Hence, we have our result.
We now consider the action of Spin (9) sin >P and our lemma follows. We can now state our main result of this section.
Theorem 3.1 (1) (Kostant [9] ). As a representation ofK, L2(Sl s) ~ Z Vy (¿o ={yEK\V^i= (0)}).
»■ato Hence each irreducible subrepresentation of K appears exactly once.
(2) Let m , = cosyF(~2, --' T V x oo^iF^Iiazizl^-to«).
77ie« j/m, / are nonnegative integers such that m > I > 0 and m -I is even, em,i e Wm-Moreover, under these assumptions, if F"*' is ffte K-cyclic space for em,i> V™'1 is irreducible and (yn-'f1 = Cem ,. F/na/Zy, L2(S1S) ~ 2 P"1«' w/ieve the sum is taken over all such m and I. where aj.a2.a3, and a4 are simple roots. Let X,-be the fundamental weight such that 2<Xf, ajViOf, a} = 5f/.
Then, from [7, Lemma 4.3] and the formula for (V^Y4, we see that the highest weight on V-11 is ((p -q)l2)\ + <?X4.
4. Poisson kernel and the transvection operator. In order to study the spherical principal series representations of F4, we need to compute the action of the transvection operator on Xk (see [7] ). For this we need a convenient expression for P(gK, kM), the Poisson kernel of F4/Spin (9) . Now P(gK, kM) = e-2pH (g-lk) Let v = a2 + i(ex -e3).
Lemma 4.1. exp -2p(H(g)) = \(gv, ex)\~11.
Proof. By Araki [1] , F4 has the Satake diagram »-#=*•-0 a1 a2 a3 a4
The smallest positive restricted root is a = (a4 + Va4)/2 where Va4 = al + 2a2 + 3a3 + a4. The highest weight of the representation of F4 on Afj is easily seen to be A = 2a. As 2p = 22a = 11A and I feu, ex)l = 2a (w^)) our result follows.
Remarks. (1) If we let HX=2H where H = i [Ler<, 3, La2] we can see that the eigenvalues of ad Hx are ± 2, ± 1 and 0.
(2) After normalizing as in [7] we identify the spherical principal series representation it^ with the representation on L2(Sls) such that for g E F4, fca2A/2GSls,and/G L2(Sls), (*ß(s)fXka2/\/2) = Ife-^u, e^-^fdfg-'k)).
We now write out a more convenient expression for I ((exp -tH¡)kv, e¡)\ for k EK. 5. The composition series and intertwining operators. In this section we will explicitly compute the composition series, the intertwining and partial intertwining operators from (itv, x") to (itx, x*)-Since the proofs are the same as those for the corresponding results for the classical rank one groups we will omit the proofs.
As in [7] , we need the following Proposition 5.1. (1) There is an F\-invariant nondegenerate sesquilinear pairing between (itv, Hv) and (it22_^, H22~").
(2) Let f be a function in L2(Sls) such that the span of Kfis irreducible. Then, if fis a cyclic vector for (it", H"), the cyclic space for fin (it22^, H22~v) is irreducible. Theorem 5.2. (1) (Kostant [9] ) \v is a cyclic vector for (itv, x") if and only ifv-6 is not a nonpositive even integer. (itv, x") is irreducible if and only if neither v -6 nor 16 -v is a nonpositive even integer.
(2) Suppose v -6 = -2/ where I is a nonnegative integer. Then W, = 2w + k < 2/ -6Vm'', M, = 2m_ft<; Vm'k, and X~2I+6 are invariant under 7T_2/+6. W, = 0ifl<3,and W¡, Ml¡Wl andX~2l+6/M¡ are irreducible under the induced representation. By duality, W, = 2m+ifc>2/_6 Vm,k,Mi = 2m_k >2/ Vm,k, and xl6+21 are invariant under itl6+2l with M¡, WjM,, and Xl6+2'/W, irreducible.
For a proof of this theorem see the proof of theorem 7.1 [7] .
